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Abstract: Holographic RG flows can be better understood with the help of radially
conserved charges. It was shown by various authors that the bulk gauge and diffeomorphism
symmetries lead to the conservation of the zero mode of the holographic U(1) current and,
if the spacetime is stationary, to that of the holographic heat current. In describing dual
theories with ’t Hooft anomalies the bulk gauge invariance is broken by Chern-Simons
terms. We show that conservation laws can still be derived and used to characterize the
anomalous transport in terms of membrane currents at the horizon. We devote particular
attention to systems with gravitational anomalies. These are known to be problematic
due to their higher derivative content. We show that this feature alters the construction
of the membrane currents in a way which is deeply tied with the anomalous gravitational
transport.
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1 Introduction
During the last years there has been a renewed interest in the dynamics of gravitational
theories on null horizons. The first works on this date back to the early days of the
membrane paradigm (see [1] for a review) and the idea that geometric fluctuations of the
null geometry can be seen as hydrodynamic modes through the projection of Einstein’s
equations.
This construction, originally conceived to describe the dynamics of black holes in an
isolated way, has seen a new interpretation in the light of holography. In fact, various works
[2–4] have connected the radial slicing of an asymptotically AdS spacetime with the Wilso-
nian RG scale of the dual theory. Although the relationship between the two quantities
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cannot in general be made explicit apart from very special examples, this interpretation of-
fers the hint that, in a universal way, long wavelength fluctuations of the horizon geometry
may be linked to low energy observables in the dual theory. In this sense, the universality
of the Wilsonian low energy description is somewhat reflected in the general form of the
horizon membrane equations.
In order to make this comparison quantitative, however, one has to match the horizon
data with the dual one point functions, which are given by specific limits of the bulk
data once the conformal boundary is approached. In general this requires the full solution
of the bulk dynamical equations, which can be conveniently expanded in a fluid-gravity
approximation [5].
The situation is however much simpler in some special cases, as was noted originally in
[6]. Here the universality of some DC properties in the dual theory, such as the conductivity
and the shear viscosity to entropy ratio, were linked to the presence of conserved charges
in the gravitational description. Interestingly, once computed on the conformal boundary,
said charges coincide with the prescription for the dual field theory’s currents.
This insight, which in some sense is a restatement of Gauss law, was then extended
by other authors, notably [7–9] by analyzing the full gravitational dynamics in stationary
spacetimes. In this works, apart from the conservation of the U(1) current of [6], it is
shown that the dual heat current 1
Qi =
∫
∂AdS
(
J iǫ +AtJ
i
)
, (1.4)
where J iǫ = T
i
t is the energy current, is also radially conserved under these hypotheses.
This makes it possible to link not only charge, but also energy fluctuations on the horizon
to the infrared physics in the dual description.
Although their analysis doesn’t make an explicit use of it, the form of the derived
charge densities is closely related to the well known Komar charges of general relativity,
which one can rigorously define by the Wald procedure [10]. This connection was pointed
out for example in [11]. In fact, when the spacetime geometry admits a Killing vector, one
is able to use the Wald construction to define a closed d− 1 form k which does not vanish
1In standard quantum field theory the heat current is the Noether current associated to the symmetry
generated by a Killing field ξa, namely
Q
a = T abξb + Abξ
b
J
a
. (1.1)
Its conservation follows from the conservation of the stress tensor and U(1) current
DaQ
a =
(
DaT
ab
− F
ba
Ja + A
b
DaJ
a
)
ξb = 0 , (1.2)
by using the Killing condition on all of the fields. Notice, however, that this is not a gauge independent
quantity, but one can remedy this situation by adding an axion field θ which cancels the gauge variation
Q˜
a = T abξb + (Ab − ∂bθ) ξ
b
J
a
, (1.3)
and the Killing condition on the Lie derivative becomes LξA = diξdθ.
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on-shell. Then, as ∂µk
µν = 0, one can use the fluxes
Fµ =
∫
Σ
ddx
√−gnνkµν (1.5)
to define conserved quantities with respect to the normal direction to Σ. Notice that here
d+1 is the number of bulk dimensions. Various works have been applying this philosophy to
various gravitational theories in order to analytically compute their DC properties during
the last two years.
At the same time, but in a very different setting, holographic techniques were successfully
used to model the low energy effects related to the presence of ’t Hooft anomalies (see
[12, 13] for recent reviews) in the dual theory by supplementing the bulk action with the
appropriate Chern-Simons term [14, 15].
In particular, the interest was focused on four dimensional fermionic theories with an
anomalous chiral current
DµJ
µ
5 = −κǫµνρσFµνFρσ − λǫµνρσtr (RµνRρσ) . (1.6)
For this theory it was known that the currents would develop an anomalous DC response
of the form
Jµ5 = σBB
µ + σωω
µ + . . . , (1.7)
Jµǫ = ξBB
µ + ξωω
µ + . . . , (1.8)
where the magnetic field and the vorticity are, respectively, Bµ = 12ǫ
µνρσuνFρσ and ω
µ =
1
2ǫ
µνρσuν∂ρuσ, and the ellipses stand for the dissipative and ideal parts of the fluid expan-
sion. 2 In particular it was shown by [16] that most of the unknown coefficients above are
uniquely fixed by demanding consistence of the hydrodynamic expansion in terms of the
chiral anomaly coefficient κ
σB = −8κµ , σω = 2ξB = −
(
8κµ2 + γT 2
)
, ξω = −
(
16
3
κµ3 + 2µγT 2
)
. (1.9)
The undetermined coefficient γ was linked in [17] to the mixed gauge gravitational anomaly
for massless fermions
γ = 64π2λ , (1.10)
and confirmed at strong coupling by holographic methods [18]. The universality of this
contribution in the hydrodynamic expansion is somewhat surprising, as the gravitational
anomaly itself only enters at third order in derivatives.
Various arguments have since been developed in order to fix this coefficient by equi-
librium considerations only [19–21]. In the context of holography the emergence of this
term in the near horizon fluctuations of the U(1) constraints was shown in [22]. Its link to
the dual one point functions was made explicit in [23], where it was shown how to recast
2These values depend on the frame choice. In this work we are however going to compute the one-point
functions in a particular choice of coordinate system that recovers the values above.
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these observables in term of horizon quantities by explicitly solving the bulk equations of
motion. Furthermore it was recently showed by various authors [24, 25] that a part of this
contribution can be explained through the matching of the global gravitational anomalies.
In this work we connect the aforementioned two lines of research, i.e. holographic conserved
charges and anomalous transport. In order to do so, we show how the membrane paradigm
can be extended to bulk Chern-Simons theories by suitably modifying the definitions of the
membrane currents and stress tensor. To this end, we will need to examine the constraint
equations on arbitrary hypersurfaces of constant radial coordinate to properly define the
membrane observables and show that these match with the conserved quantities given by
the Komar charges.
The Wald construction is slightly technical in this case due to the noncovariant nature
of the Chern-Simons action for the bulk theory. It was generalized to these actions in
various works [26–28]. Other authors have used this formalism to perform a near horizon
analysis of the entropy current [22]. An argument closer in spirit to the work of Iqbal and
Liu was given by [29, 30], where the conserved quantity is constructed for the U(1) currents
in an anomalous theory. They however lack an explicit argument for energy fluctuations.
In this note we aim to generalize and unify the various insights above. In particu-
lar, we include the energy current transport and we explicitly relate it to the membrane
paradigm by the construction of the membrane currents for the anomalous theory. This
last construction is not trivial, as bulk gravitational Chern-Simons terms give rise to higher
derivative theories for which the Cauchy problem is in general not well defined. This gives
rise to subtleties in defining the membrane stress tensor away from the conformal bound-
ary. Furthermore, it is well known that in anomalous theories the current operators have
no unique definition but one can define different operators depending on the properties
which are desired e.g. consistent and covariant currents. We shed light on the role of these
different operators from the point of view of the bulk dynamics.
We will then use the appropriate conserved charges to match the membrane results
to the boundary observables, highlighting the dynamical mechanisms that give rise to
the anomalous contributions from our perspective. In particular, we will show that the
gravitational contributions to anomalous transport come from horizon extrinsic Chern-
Simons currents which are dynamically generated along the radial direction.
The work is organized as follows: in section 2 we review the extraction of the Wald charges
in Einstein-Maxwell theory, discussing their link to the bulk constraint equations, and the
construction of the membrane current and stress-tensor. In section 3 we use the constraint
equations of the bulk theory to propose a definition of membrane current and stress-tensor.
We give some consistency checks for this proposal. In section 4 we review the generalized
Wald construction as done by [27, 28] and show that the continuity equations for the re-
sulting close d − 1 forms can be understood as RG equations for the previously defined
membrane currents. We integrate them to recover the known anomalous transport coeffi-
cients and interpret them in the spirit of membrane paradigm.
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As the topic of anomalous transport in holography has already been widely studied let
us add a few comments on the differences and similarities with previous works:
• As it was mentioned, the general conservation equations for the U(1) currents were
already derived by [29, 30] by direct analysis of the equations of motion. They used
this to prove the universality of the U(1) transport. With respect to these works we
extend the discussion to energy fluctuations and formalize the connection between
the conserved quantities and the anomalous Wald construction. Historically, such a
structure was hinted by the work of [23], where the value of the renormalizable mode
of the bulk fields is shown to be given by an horizon quantity through the explicit
solution of the dynamical equations.
• The connection between the conserved fluxes of [8] and the Wald construction is not
new, but has, to our knowledge, been formalized only recently [11], while this work
was being completed. Its application to the anomalous theories, however, had yet to
appear. We formalize such extension and identify the conserved fluxes as the suitably
defined membrane currents of the theory.
• The constraint equations were already analyzed in the near horizon region in [22]
which however lack an explicit link to the membrane currents.
Lastly, some comments about notations and conventions. We will be working in many
cases through an ADM expansion of the bulk spacetime. In order to define the d + 1
decomposition we will fix the Fefferman-Graham gauge for the bulk metric
ds2 = dr2 + γabdx
adxb , (1.11)
and foliate the spacetime with surfaces Σ of constant r. We will work with spacetimes
which are asymptotically Anti de Sitter, so that the following boundary conditions are
imposed on the metric coefficients near r =∞
γab ∼ e2r
(
γˆab +O(e
−r)
)
. (1.12)
γˆ is to be interpreted as the curved background metric of the CFT. This particular foliation
has a nice interpretation in holography, as transitions from one Σ to another is asymptoti-
cally viewed as a scale transformation and can thus be related to the Wilsonian flow of the
dual theory.
We will use Greek indexes µ, ν, ... to denote bulk tensors, while tensors on Σ are denoted
with Latin letters a, b, .... When confusion may arise, quantities intrinsic to Σ are denoted
by hatted names Rˆabcd etc. The covariant derivatives are finally denoted by ∇µ and Da
respectively.
In many cases we will not give the details of the ADM decomposition of all the quan-
tities, but the results can be recovered through the following dictionary
−Γrab = Kab , (1.13)
Γbar = K
b
a . (1.14)
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2 Membrane currents and conserved charges for Einstein-Maxwell the-
ory
In this section we present a simple example in order to familiarize the reader with the
main constructions and methods. We consider Einstein-Maxwell theory with cosmological
constant in d+ 1 spacetime dimensions, whose action is given by
Sg =
1
16πG
∫
dd+1x
√−g (R− 2Λ)− 1
4
∫
dd+1x
√−gFµνFµν + SGH , (2.1)
where
SGH =
1
8πG
∫
Σ
ddx
√−γK , (2.2)
is the Gibbons-Hawking counterterm, which assures a well defined variational problem at
a general Cauchy surface. The considerations presented remain however valid, mutatis
mutandis for covariant action with no charged matter and we will try to use a general
notation to make such generalizations manifest. In what follows we will employ an on-shell
formalism, and denote equality up to equations of motion by the
.
= symbol.
2.1 Membrane currents
We will start by giving a procedure to define membrane currents and stress tensor. From
our point of view they are fields living on a spacelike hypersurface Σ which are asked to
satisfy the usual field theory Ward identities. By using the constraint equations of the bulk
theory one can define such fields as functions of bulk quantities projected on Σ. As it is well
known, these currents will in general need holographic counterterms to be finite. However,
this inclusion does not spoil the form of the Ward identities and will not be relevant for
the DC properties we compute.
The bulk constraint equations reduce to the field theory Ward identities on the confor-
mal boundary. This suggests that, in the rest of the bulk, the constraint equations should
be interpreted as Ward identities in the effective theory description at low energies.
To derive the form of the constraints, we need to cut the integration in (2.1) at an
hypersurface Σ of constant radial coordinate. The on-shell variation of the action reads
δSΣ =
∫
Σ
ddx
√−γ
(
1
2
tabδγab + J
aδAa
)
, (2.3)
where
tab = − 1
8πG
(
Kab − γabK
)
, (2.4)
Ja = 2nµ
∂L
∂Fµν
P aν = −nµFµνP aν , (2.5)
are the Brown-York tensor and the membrane current, respectively, and γ is the induced
metric on Σ. We also have defined the vector nµ, normal to Σ, and the orthogonal projector
P aµ onto Σ. In the Fefferman-Graham gauge, however, these are simply n = ∂r and P
a
µ = δ
a
µ,
so that we will sometimes omit them for ease of notation.
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One can then write, as customary
tab
.
=
2√−γ
δSg
δγab
, (2.6)
Ja
.
=
1√−γ
δSg
δAa
. (2.7)
The constraints are then found by considering the gauge and diffeomorphism variation
in (2.3). They read
DaJ
a = 0 , (2.8)
Dat
ab − F baJa = 0 . (2.9)
These are exactly the Ward identities for the U(1) current and the stress tensor in standard
field theory.
These currents may be defined at every Σ, but they are in general non trivially related
between one surface and the other by explicitly solving the dynamical equations, which
can be expressed as first order PDE for the membrane observables.
2.2 Wald charges and conservation laws
As we have anticipated in the introduction, there are conserved charges that can be used
to relate the zero modes, or fluxes, of these currents between different membranes. They
can be derived through the Wald construction as follows.
Start with the variation of the bulk action
δSΣ =
∫
EδΦ + dθ , (2.10)
where E denotes the equations of motion and Φ the set of fields. As a matter of notation
the d-form θ = θ(Φ, δΦ) is called the presymplectic form.
Now suppose that the variation is made with respect to a diffemorphism generated by
ξ and a gauge variation generated by α. Then, δ = δξ + δα. Supposing the action to be
covariant, i.e. no anomalies present, the equation (2.10) can be rewritten using Cartan’s
formula to give the on-shell closure relation
dJξ,α
.
= 0 (2.11)
for the Noether current
Jξ,α
.
= θξ,α − iξL , (2.12)
where L is the Lagrangian. This current has various ambiguities, as pointed out by Wald
[10]. In particular, we can add to it an exact form dk without spoiling its closedness
Jξ,α → Jˆξ,α = θξ,α − iξL+ dkξ,α . (2.13)
We fix this ambiguity by demanding that
Jˆξ,α
.
= 0 . (2.14)
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This is always possible as Jˆ is locally exact on-shell. The vanishing of the Noether current
implies a closure relation for k when the gauge transformation or diffemorphism leaves the
background solution invariant. We briefly review how this is done in the relevant cases.
Let us start by considering a pure gauge transformation that leaves the field config-
uration invariant. As δαA = dα, this forces α = const. For such transformations the
presymplectic form vanishes identically, as it is proportional to dα. Then, plugging this in
(2.12) we get our desired closure relation
0
.
= Jˆα
.
= dkα , for α = const . (2.15)
The closed form k can be integrated on a d− 1 dimensional hypersurface and one recovers
the Gauss law. However, in holography we will be interested in its fluxes over d dimensional
surfaces Σ of constant radial coordinate. These are defined in terms of its Hodge dual kµν
as
Ia
.
=
∫
Σ
ddx
√−g (nµkµνα P aν ) . (2.16)
The closure relation ∂µk
µν .= 0 then translates to the radial conservation of the current
fluxes
∂rI
a .= −
∫
Σ
ddx∂b
(√−γkabα ) = 0 , (2.17)
as long as the surfaces terms go to zero sufficiently fast. This is not the case when some
DC modes are present. Then, extra care is needed.
In the context of holography this is to be interpreted as an RG equation for the
conserved quantities Ia, meaning that they can be exactly extracted from the dynamics of
fluctuations very far away form the conformal boundary.
In the case of diffeomorphisms the natural generalization is to impose a Killing condi-
tion on the set of bulk fields LξΦ .= 0. This assures that the solution is left invariant by
the diffeomorphism generated by ξ.3 Notice, however, that from the point of view of the
solution, while the trivial gauge transformation α = const is always present independently
of the dynamics, the Killing equations are not satisfied for general backgrounds and place
dynamical restrictions on the construction of the diffeomorphism charge.
The existence of a Killing vector assures, as before, that the presymplectic current van-
ishes on-shell, since it is by construction proportional to LξΦ. The extra term proportional
to the Lagrangian can always be written as a total derivative, as long as it is covariant. In
fact, for covariant Lagrangians
0
.
= LξL = diξL , (2.18)
and, therefore,
iξL
.
= dζξ , (2.19)
by Poincare’s lemma. Then one can define a new quantity k′ξ = kξ − ζξ which is a closed
d− 1 form
0
.
= Jˆξ
.
= dk′ξ . (2.20)
3Notice that in the case of the gauge field a slightly more general condition is possible, namely LξA = dαξ.
The resulting charge is then given by a linear combination of the diffeomorphism and the gauge ones, by
choosing the gauge parameter α = −αξ in order to make the presymplectic form vanish.
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In a similar way to the gauge case, one can define a diffeomorphism conserved flux Ha by
integrating k′ on a d dimensional surface
Ha =
∫
Σ
ddx
√−g (nµk′ξµνP aν ) , (2.21)
which is radially conserved
∂rH
a .= 0 . (2.22)
In our application, it is customary to take the Killing vector ξ to be associated with time
translations, i.e. ξ = ∂t. Furthermore, this result is usually presented as a spatial flux
H i. For this components the computation gets simplified, as the Lagrangian term in the
Noether current gives no contributions and
H i =
∫
Σ
ddx
√−g
(
nµk
µν
ξ P
i
ν
)
. (2.23)
However, in general the “time” component of the flux is also radially conserved.
The holographic importance of this construction becomes apparent once the conserved
fluxes are written as functions of our previously defined membrane currents. We will use
a direct construction. However, from a general standpoint the link between the mem-
brane currents and the Komar charge should be encoded in the relation between the Wald
construction and the constraint equations.
For Einstein-Maxwell theory and, in general, for actions depending on the gauge field
only through the curvature, the presymplectic form associated to gauge transformations is
given by
θα =
∂L
∂F
dα , (2.24)
or, in components,
θµα = 2
∂L
∂Fµν
∇να . (2.25)
As in this case the equations of motion read ∇µ ∂L∂Fµν = 0, we can easily make the Noether
current vanish on-shell by adding ∇νkµν , where
kµν = −2 ∂L
∂Fµν
α . (2.26)
The final Noether current is
Jˆµα = −2α∇ν
∂L
∂Fµν
.
= 0 . (2.27)
Finally, confronting nµk
µν
α P aν with (2.5) one sees immediately that the normal-tangent
components of kµν correspond to the membrane currents of the bulk hypersurfaces if one
fixes the constant α = 1. The radially conserved flux Ia is, as noted by [31], just the flux
of such currents
Ia =
∫
Σ
ddx
√−γJa , (2.28)
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which, by construction, coincides with the flux of the dual CFT’s U(1) current. As men-
tioned before, this allows to match the horizon membrane paradigm to the dual theory’s
predictions.
For the diffeomorphism part a slightly more involved computation is needed. Let us
start by recalling that, for the Einstein-Maxwell theory, the presymplectic current is given
by [32]4
θµEH =
1
16πG
gµνgρσ (∇ρδgνσ −∇νδgρσ) + 2 ∂L
∂Fµν
δAν , (2.30)
which for a diffeomorphism becomes
θµEH =
1
16πG
∇ν (∇νξµ −∇µξν) + 2 ∂L
∂Fµν
(∇ν(Aρξρ) + Fνρξρ) . (2.31)
The Noether current can then be constructed by adding ξµL to this term. To define the
Komar form one just needs to add a total derivative to make the resulting expression vanish
on-shell. A careful rewriting shows that the derivative of
kµνEH =
1
4πG
∇[µξν] +Aαξα ∂L
∂Fµν
, (2.32)
reduces the Noether current to a linear combination of Einstein and Maxwell equations.
Following our previous construction one looks at the spatial flux density
2nµk
µν
EHP
i
ν = −
1
8πG
Kibξb +Acξ
cJ i , (2.33)
where we have used that in Fefferman-Graham coordinates ∇rξa = −Kabξb, if ξa is radially
independent.
One then recognizes the conserved flux associated to diffeomorphisms to coincide with
the flux of the membrane heat current
H i =
1
2
∫
Σ
ddx
√−γ
(
tibξ
b +Acξ
cJ i
)
=
1
2
∫
Σ
ddx
√−γQi , (2.34)
which, on the conformal boundary, tends to the dual theory’s heat current flux, up to a
factor of 1/2 which is fixed by properly normalizing the diffeomorphism generator.
Let us conclude this section with two important remarks. First, notice that, although
we have considered the Maxwell Lagrangian, the explicit dependence of the action on Fµν
never appears. Thus, the construction can be extended to all the Lagrangians which are
functions of the curvature Fµν and possibly to uncharged matter. For the gravity side
the correspondence between fluxes and CFT observables was explicitly proven for various
higher curvature theories, such as Gauss-Bonnet, f(R) etc. and should hold as long as the
bulk action is covariant and its Cauchy problem is well defined.
4In general, for theories depending only on the curvatures Rµν
ρ
σ
and Fµν one has
θ
µ = 2
∂L
∂Rµν
ρ
σ
δΓν
ρ
σ + 2
∂L
∂Fµν
δAν . (2.29)
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Second, the construction of the Komar charges is independent of the addition of pos-
sible surface counterterms to the action, as is customary in holographic renormalization.
This is a consequence of the on-shell nature of the construction. A way of rephrasing this
is by noticing that the divergence free currents kµν can be constructed directly from the
Einstein and Maxwell equations of motion. In the gauge case the construction is apparent
and was the basis for the seminal work [6]. In the Einstein case one needs a bit more work
and, in particular, one needs to consider the Einstein equations dotted with the Killing
field ξµ and use various identities related to Lie derivatives, as in [8].
As the dynamical equations are counterterm-independent this assures that, as long as
the charges are finite on the horizon, the DC holographic one point functions they give
need no renormalization. As we will see on the next sections, however, anomalous theories
allow for the definition of multiple current operators depending on the physical properties
they are asked to satisfy. From this point of view, the conservation law will provide a
“preferred choice” of current from an RG perspective.
3 Anomalous membrane currents and the role of extrinsic curvature
We now turn our attention to the body of these notes, in which we analyze how the mem-
brane construction and the Wald charges need to be extended when dealing with anomalous
theories. In particular, in this section, we use the form of the constraint equations to prop-
erly define a membrane stress tensor and currents in such a way that their anomalous Ward
identities coincide, inasmuch as possible, with those of a standard quantum field theory
with ’t Hooft anomalies.
In order to do this, let us start by a brief review of the role of bulk Chern-Simons terms
in the holographic description of ’t Hooft anomalies. The main idea, already implemented
in early applications of the AdS/CFT correspondence, is to employ an inflow mechanism
by adding to the holographic action an appropriate Chern-Simons form
Sg → Sg +
∫
dd+1x
√−gICS [A,F,Γ,R] . (3.1)
Notice that we write the Chern-Simons action as function of the connections and the
curvatures, as opposed to ICS [A, dA,Γ, dΓ], which has to be kept in mind when taking
partial derivatives.
The presence of the connections A and Γ in the Chern-Simons term spoil the gauge
and diffeomorphism invariance of the theory. This leads to the anomalous variation of the
action
δ¯SΣ
.
=
∫
Σ
ddx
√−γnµ
(
α
∂ICS
∂Aµ
+Λ
∂ICS
∂Γµ
)
, (3.2)
where the variation δ¯ is defined through
δ¯A = dα , (3.3)
δ¯Γ = dΛ+ [Λ,Γ] , (3.4)
where (Λ)µν = ∂νξ
µ is the connection’s gauge parameter.
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According to the descent procedure these Chern-Simons terms can be chosen to give
as variations exactly the characteristic classes of the consistent anomalies of the theory
(see Appendix A for a brief review). These will appear on the right hand side of the Ward
identities for the consistent membrane currents, which are just the constraint equations
projected on a constant r hypersurface, as we have already reviewed.
It was pointed out long ago, e.g. in [33], that extra care is needed when dealing with
the gravitational contributions. The ADM decomposition will in general give further terms
that spoil the form of the anomaly equations unless extra constraints are imposed. As far
as asymptotically AdS spacetimes are concerned, however, the usual boundary conditions
are sufficient to assure that no extrinsic term survives at the conformal boundary.
In this work we take an alternative point of view on the interpretation of these con-
tributions. Away from the conformal boundary there is in general no reason to suppress
the extrinsic contributions coming from the Chern-Simons action. However one should be
able to define consistently a set of Ward identities for the currents on an arbitrary bulk
membrane by redefining such fields.
We show how this procedure may be carried out, fixing the form of the currents and
showing how it is precisely these extrinsic terms that carry the relevant information re-
garding anomalous transport. In what follows we will mainly focus on the specific example
of four dimensional field theories but, since the equations are known to follow a general
structure, we will keep a general notation, as in [28].
In four dimensions the most general anomaly for systems with a U(1) current comes
from the Chern-Simons form
ICS = ǫ
µνρστAµ
(κ
3
FνρFστ + λtr (RνρRστ )
)
, (3.5)
where we have fixed the prefactor in order to match (1.6). While the first term describes
a pure U(1)3 anomaly, the second one gives a mixed anomaly between the current and the
stress tensor. As it is well known, one can move this anomaly from one sector to the other
by the addition of a total derivative, to have
I ′CS =
κ
3
ǫµνρστAµFνρFστ − 2αǫµνρστFµνtr
(
Γρ∂σΓτ +
2
3
ΓρΓσΓτ
)
(3.6)
or in terms of the curvatures
I ′CS =
κ
3
ǫµνρστAµFνρFστ − λǫµνρστFµνtr
(
ΓρRστ − 2
3
ΓρΓσΓτ
)
. (3.7)
This has no effect on the bulk dynamics (and with it the construction of the conserved
charges), and the only way in which it modifies the theory is through a redefinition of
the consistent current operators. While the physical phenomena will be the same in both
descriptions, their interpretation is slightly different in the two cases. For our purposes,
for example, the Wald construction will be much more transparent when the anomaly is
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in the diffemorphism sector.5 Thus we will in general consider (3.7) as the Chern-Simons
action. We will however comment on the changes to the construction if (3.5) is considered
instead, as it is often the case in the literature. In what follows we introduce the full bulk
theory, commenting on the universality of the construction and the due caveats.
3.1 Gravitational theory
We will be interested in d+ 1 dimensional bulk theories of the form
S =
1
8πG
∫
dd+1x
√−g (R− 2Λ) +
∫
dd+1x
√−gLmat +
∫
dd+1x
√−gICS[A,Γ] , (3.8)
where Lmat denotes the matter Lagrangian and ICS is the bulk Chern-Simons action defined
before. Throughout our considerations we will take the matter Lagrangian to be a function
only of the U(1) curvature Fµν and possibly uncharged scalar fields. The simplest choice
is of course that of Maxwell’s theory, but various generalizations have been discussed in
the literature. The presence of charged matter would spoil the simple RG structure of the
long wavelength limit of the theory, as charged “hair” would give corrections to the DC
properties which account for the charge distribution throughout the bulk spacetime. As far
as anomalous response goes, however, our minimal assumptions will assure the universality
of the results.
At this point it is simple to derive the form of the bulk equations of motion, as it was
done for example by [23]
2∇µ ∂Lmat
∂Fµν
= ΣνA , (3.9)
Gµν − gµνΛ = T µνmat +∇ρΣ(µν)ρ , (3.10)
where T µνmat is the matter stress tensor and Σ
µνρ and ΣµA are the spin and Hall currents.
It will be useful to define them through bulk variations. In this case let Eµνρ be the
Euler-Lagrange equations for the connection Γρµν as an independent field
Eµνρ =
(
∂
∂Γρµν
− 2∇σ ∂
∂Rσµ
ρ
ν
)
ICS . (3.11)
Then,
Σµνρ =
1
2
(Eµνρ + Eµρν − Eρµν) , (3.12)
ΣµA =
∂ICS
∂Aµ
− 2∇ν ∂ICS
∂Fνµ
. (3.13)
In the five dimensional theory this reduces to
Σµνρ = 2λǫµαβγδFαβR
νρ
γδ , (3.14)
ΣµA = κǫ
µαβγδFαβFγδ . (3.15)
5In particular this proves extremely useful when dealing with constant magnetic fields, as the linear
dependence on Aµ on ICS makes it tricky to apply the Stokes theorem when needed. A further advantage
comes at a formal level, as if I ′CS is chosen one can move the mixed anomaly between the two sectors by
the usual Bardeen counterterm, which only involves the intrinsic geometry on Σ.
– 13 –
In general both the spin and Hall currents are covariant expressions even if they come from
a non-covariant action. This is what motivated a series of works on the definition of the
entropy of such theories and the extension of the Wald construction to theories with a
noncovariant Lagrangian [26–28].
Their construction includes a large part of the technical tools we will be using in the
next section and was key to us in order to extend our results past perturbation theory. We
will review it in the next section, deriving the explicit formula for the Komar charge in the
cases of interest.
Finally, let us point out that, if gravitational Chern-Simons terms are present, the
theory will not in general have a well defined variational problem due to the presence of
higher derivatives. This is of course an extremely problematic point as far as the space of
solutions is concerned. It is usually justified in the context of holography by noticing that
the gravitational anomaly coefficient λ is subleading in the large N expansion, and that the
variational problem may get corrected by other equally subleading terms. Another way of
circumventing this problem, at least as far as we are concerned, is to impose the spacetime
to be asymptotically AdS from the beginning, but work remains to be done regarding the
stability of such solutions.
Related issues have been studied in AdS/CFT, notably by [34] in the context of topo-
logically massive gravity (TMG) while [35] showed the presence of finite momentum insta-
bilities for charged black-holes in five dimensions. We will comment briefly on how the first
of the two studies can be linked to the modifications of the membrane currents in appendix
C.
3.2 Analysis of the constraint equations
We look at the variation of the on-shell action to derive the explicit form of the constraint
equations. In these theories in general no counterterm a` la Gibbons-Hawking exists in
order to make the variational problem well defined6 and therefore the on-shell variation
takes the general form
δSΣ =
∫
Σ
ddx
√−γ
(
1
2
tabδγab +
1
2
uabδKab + l
ab
cδΓˆ
c
ab + J aδAa
)
, (3.16)
where the precise form of the various quantities depends on the choice of Chern-Simons
action. We separate the variation with respect to the connection from the one with respect
to the induced metric as labc is in general not covariant if anomalies are present. On the
other hand, tab only contains covariant and gauge invariant quantities.
Gauge constraint. We start by analyzing the gauge constraint. As of now the consistent
current J a is simply given by
J a .= 1√−γ
δSg
δAa
= 2nµ
(
∂Lmat
∂Fµν
+
∂ICS
∂Fµν
)
P aν . (3.17)
6This can have, apart from the usual Ostrogradski type instabilities, serious effects on the unitarity of
the dual theories, which are still not completely clarified. See e.g. [34] for the study of the AdS3 case.
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Integrating by parts the gauge variation of (3.16) and using (3.2) we get the anomalous
constraint
DaJ a = −nµ∂ICS
∂Aµ
. (3.18)
This constraint has a slightly different interpretation depending on whether a possible
gravitational anomaly lies in the diffeomorphism or gauge sector. In the first case no
gravitational characteristic class appears on the right hand side of (3.18) but the definition
of the consistent membrane current picks up a further contribution coming from the Chern
Simons term
J a = 2nµ∂Lmat
∂Fµν
P aν + J
a
BZ + J
a
CSK , (3.19)
where the extrinsic Chern-Simons current JaCSK comes from the ADM decomposition of
(3.17) and JaBZ is the usual Bardeen-Zumino polynomial needed to define covariant cur-
rents. It is obtained by the purely intrinsic part of the ADM decomposition of (3.17). For
the five dimensional theory with mixed anomaly, setting JaBZ = J
a
A+J
a
Γˆ
, they are given by
JaCSK = −8λǫabcdKfbDcKfd , (3.20)
Ja
Γˆ
= 4λǫabcdtr
(
Γˆb∂cΓˆd +
2
3
ΓˆbΓˆcΓˆd
)
, (3.21)
JaA =
4
3
κǫabcdAbFcd . (3.22)
Notice that the extrinsic current is only first order in the spacetime derivatives on Σ
and thus is a good candidate to encode the anomalous horizon fluctuations related to
the gravitational anomaly. A simple asymptotic analysis shows such a current to vanish
identically at the conformal boundary, as shown by [28], so that any relevant effect is
“dynamically” generated as the horizon is approached. Furthermore, it is very important
to appreciate that the current JaCSK is a perfectly covariant and gauge invariant object
from the point of view of the membrane Σ. Thus, such current cannot contribute in any
way to the presence of an anomaly but it has physical consequences on the observables.
The mixed anomaly can then be moved to the gauge sector by the Bardeen counterterm
BΣ = −
∫
Σ
ddx
√−γAaJa
Γˆ
, (3.23)
in which case the consistent current loses its Ja
Γˆ
contribution, which gives rise to the mixed
anomaly according to
DaJ
a
Γ = λǫ
abcdtr
(
RˆabRˆcd
)
. (3.24)
Notice how extrinsic part remains as a defining feature of the membrane current.
In studies of this theory it is more common, however, to start with a bulk Chern-
Simons term which is diffeomorphism invariant, e.g. in [18]. In this case the right hand
side of the constraint equation reads
nµ
∂ICS
∂Aµ
|grav = −λǫabcdtr
(
RˆabRˆcd
)
−DaJaCSK , (3.25)
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and one has to add a counterterm explicitly dependent on the extrinsic data
SCSK =
∫
Σ
ddx
√−γAaJaCSK , (3.26)
in order to recover the correct Ward identity and obtain the correct definition of the
membrane currents.
Without the inclusion of said counterterm the horizon physics will be the same, al-
though one would explain the anomalous fluctuations as a response to the “thermal”
anomaly
Athermal = 64π2T 2Eg · Bg , (3.27)
where Eg and Bg are the gravitoelectric and gravitomagnetic fields on the horizon. See for
example [22]. We prefer not to think about it this way, since this is not a true anomaly, as
it comes from the divergence of a physical current and it is state dependent.
At this point we can go back to the choice (3.7) for the Chern-Simons term. The
standard QFT Ward identities are recovered on an arbitrary slice Σ and one can mimic the
construction of appendix A to define all the different membrane currents. Explicitly it is
possible to define consistent J a, covariant Ja and conserved Jacons currents by the defining
equations
J a .= 1√−γ
δSg
δAa
, (3.28)
δα,ΛJ
a = 0 , (3.29)
DaJ
a
cons = 0 . (3.30)
The explicit expressions, letting a Bardeen counterterm −cBΣ be used to define the con-
sistent current, read
J a = 2nµ∂Lmat
∂Fµν
+ JaCSK + J
a
A + (1− c)JaΓˆ , (3.31)
Ja = 2nµ
∂Lmat
∂Fµν
P aν + J
a
CSK , (3.32)
Jacons = J
a + Ja
Γˆ
+
3
2
JaA . (3.33)
The factor 3/2 depends on the fact that we are considering 4-dimension theory. It general
it can be extracted by writing the U(1)3 anomaly as a total divergence.
Diffeomorphism constraint We now move to the diffeomorphism constraints, which
will allow us to define a consistent membrane stress tensor. We expect such construction
to be potentially problematic, as the presence of higher derivative terms will spoil the form
of the diffeomorphism constraint away from the conformal boundary, where most of the
troublesome terms vanish due to the AdS asymptotics.
After a counterterm proportional to (3.23) has been added to the action we can rear-
range the on-shell variation for a diffeomorphism by using standard formulas for the Lie
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derivatives
Lξγab = Daξb +Dbξa , (3.34)
LξAa = ∂a
(
Abξ
b
)
+ Fabξ
b , (3.35)
LξKab = ξcDcKab +DaξcKcb +DbξcKac . (3.36)
This allows us to extract the term proportional to the Killing field ξa from the action
variation to get the diffeomorphism constraints
δSΣ =
∫
Σ
ddx
√−γ
(
DaΘ
ab − F bcJc +AbDcJ c +∆b
)
ξb . (3.37)
where we have defined for convenience
Θab = tab + uacKbc +Dd
(
ld(ba) + l(adb) − l(ab)d
)
, (3.38)
∆b = −1
2
uacDbKac , (3.39)
and J a is given in (3.31). Furthermore, if we divide the stress tensor into the Einstein-
Hilbert and anomalous parts, tab = tabEH + t
ab
λ , we get the following explicit expressions for
tabλ and u
ab
tabλ = nµ
(
Σabµ +Σbaµ
)
, (3.40)
uab = 2nµnν
(
∂ICS
∂Rµaν
b
− ∂ICS
∂Rµa
b
ν
)
, (3.41)
labc = 2n
ν ∂ICS
∂Rνa
c
b
, (3.42)
which follow from the ADM decomposition of the radial component of the presymplectic
current (B.4). The explicit ADM form, for the choice of the Chern-Simons action (3.7), is
tabEH = −
1
8πG
(Kab −Kγab) , (3.43)
tabλ = −8λǫmnp(a
(
2DnK
b)
p Frm + γ
b)lK˙lnFpm − FpmKb)l K ln
)
, (3.44)
uab = 8λǫmnp(aFmnK
b)
p , (3.45)
labc = 2λǫ
amnpFmnΓ
b
pc . (3.46)
If a Bardeen counterterm proportional to (3.23) is added to the on-shell action, this only
affects, apart from the consistent current, Θab in the following way
Θab → Θab − cDd
(
ld(ba) + l(adb) − l(ab)d
)
− 4cλǫmnp(aDe
(
AmRnp
b)e
)
. (3.47)
Finally, the constraint equations are derived by expressing δξSΣ in (3.37) as the con-
sistent diffeomorphism anomaly Ab. The constraints will take the general form
Cb = DaΘ
ab − F bcJc +AbDcJ c +∆b − (1− c)Ab .= 0 . (3.48)
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For our case of interest the anomaly reads
Ab = 2λγbc 1√−γ∂a
(√−γǫdefgFde∂fΓagc) . (3.49)
One can re-express the Ward identity in a counterterm independent form by introducing a
covariant stress tensor T ab, as in appendix A, analogous to the previous covariant current
Ja. This gives
T ab = Θab + 4cλǫmnp(aDe
(
AmRnp
b)e
)
+ (1− c)Dd
(
ld(ba) + l(adb) − l(ab)d
)
. (3.50)
and the Ward identity
DaT
ab − F bcJc +∆b + 2λǫcdefDa
(
FcdR
ab
ef
)
= 0 . (3.51)
From this one can finally define a conserved stress tensor T abcons by including the last total
derivative
T abcons = Tab + 2λǫ
cdefFcdR
ab
ef , (3.52)
which presents a Lorentz anomaly.
For our purposes, however, it will prove more convenient to work with the heat current,
which is the object that naturally appears in the conserved flux associated to diffeomor-
phisms. This is given by
Qa = Θabξ
b +Abξ
bJ a , (3.53)
and its conservation is only spoiled by the diffeomorphism anomaly
DaQ
a = (1− c)Abξb . (3.54)
Notice that the heat current we have defined must contain the extrinsic term uacKcbξ
b in
order to get the right conservation equation up to the anomaly. It is this term the one that
allows us to recover the ∆b term in the constraint equation. This follows from the fact that
ξa is Killing, as
DaΘ
abξb +∆
bξb = Da
(
Θabξb
)
− 1
2
(
uacKbcDaξb − ubcKacDaξb + uacξbDbKab
)
= Da
(
Θabξb
)
− 1
2
uacLξKac .
(3.55)
This should be viewed as a consistency check for the proposed form of the membrane stress
tensor.
We can define a conserved heat current Qacons which is divergence-free. The explicit
construction is found in appendix A and the result reads
Qacons = Θ
a
bξ
b +Acξ
cJ a − (1− c) 1√−γ∂b
(√−γlbacξc)+ 2(1− c)l(ab)cΛcb . (3.56)
It is useful to keep in mind that we will mainly work setting c = 0 in the formulas above.
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Let us now comment on the form of the constraint equations (3.48). First, notice that
our candidate Θab for the membrane stress tensor does not coincide with the Brown-York
prescription
Θab 6= 2√−γ
δSg
δγab
, (3.57)
because of the additional term coming from the extrinsic curvature contributions. One may
wonder if this is an artifact of the way in which we have organized the various fields in the
constraint equation, since one could in principle include the modification into a redefinition
of ∆b. An argument against this is that it is the quantity that enters in the heat current.
Another important consistency check for our proposal is that indeed it gives the right
near boundary limit for the dual stress tensor 〈T ab〉. This is easily computed from (3.16)
as δKab = δγ
a
b+ . . . where the dots denote subleading terms. No other contributions arise
as long as strictly AdS boundary conditions are imposed
〈T ab〉 = lim
r→∞
√−γ (tab + uab) = lim
r→∞
√−γ
(
tab + uacKcb
)
= lim
r→∞
√−γΘab . (3.58)
Counterterms stemming from holographic renormalization will be of no concern in our
construction.
By moving the anomalies entirely to the gauge sector one can check by using the
asymptotic expansion of the metric that the result for the bare stress tensor from [36] is
recovered
〈T ab〉 = lim
r→∞
(
1
8πG
√−γ (Kab − δabK)
+ 4λ
√−γǫmnp(a
(
−2De
(
Rnpb)
eAm
)
+
1
2
FmnRpb)
))
.
(3.59)
Our prescription has been applied in systems where momentum relaxation is introduced
with success. In this case, the higher derivative corrections stemming from uab are crucial
for the restoration of the symmetry of the mixed two point functions in the presence of a
magnetic field [37].
However it should not be forgotten that the constraint equations (3.48) still differ in
general from the usual Ward identities away from the conformal boundary, where the ∆b
term vanishes guaranteeing consistency with the QFT Ward identities. Such difference
takes a suggestive form if we think of uab as the expectation value of an independent
operator, associated with the mode excited by the extrinsic curvature. This is similar to
the reasoning in [34], where, in the three dimensional theory, such operator was indeed
shown to survive at the conformal boundary for general solutions and lead to logarithmic
correlators with the canonical stress tensor.
From our point of view this is reflected in the constraint equation, where
∆b ∼ OabDbΦab (3.60)
appears in the form operator times ∂(source) and suggests that this second operator, even
if turned off at the conformal boundary, dynamically gets an expectation value as we slide
through the bulk. We will try to expand this similarity in appendix C.
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In the following section we will match the membrane currents defined from the con-
straint equations to the conserved fluxes related to bulk diffeomorphisms and gauge trans-
formations. This will allow to make explicit our intuition about the anomalous membrane
currents describing anomalous hydrodynamic modes by looking at the conserved fluxes in
the near horizon limit.
4 Conserved fluxes and transport coefficients
We now proceed to construct the conserved fluxes associated with diffeomorphisms and
gauge transformations for the Chern-Simons theories considered. This is largely taken
from [27, 28] where the subtleties of the construction are also discussed at length. It
will be important to keep in mind that all the constructions can be derived by explicitly
using the equations of motion (3.9) and (3.10) and assuming the background solution to
posses a Killing vector field. This is important because of two reasons: first, it makes the
construction independent of the choice of counterterms, which, for example, can be used to
shift mixed anomalies between different sectors. Second, for the same reason, it will assure
the charges to be independent of any holographic renormalization procedure to remove
divergences.
4.1 Construction of the anomalous Komar charges
In the presence of bulk Chern-Simons terms the Wald construction is known to be plagued
by ambiguities [27]. These are due to the lack of covariance for the bulk action, which
introduces various subtleties in the extraction of the Komar form kµν from the Noether
charge. In particular, the Chern-Simons terms give further contributions to the on-shell
vanishing Noether current Jξ,α which are proportional to the gauge parameters α and Λ.
One can however still derive the conservation equation for the appropriate fluxes once a
particular gauge is chosen. The charges thus derived are not covariant, but a covariant
prescription for the differential Noether charge was given in [28], which allows one to
unambiguously define the Wald entropy at a bifurcation surface. We will follow instead the
ideas of [27] and the remarks in (5.3) of [28] which are closer in notation to the construction
of section 2. The price to pay will be a noncovariant expression for kµν , which from our
perspective is a feature rather than a bug. In fact, it allows us to link the flux conservation
to the RG properties of conserved currents.
As we have already introduced the basic construction in section 2 we will be brief
and point out only the important differences. As before, the variation of the Lagrangian,
supplemented with the appropriate Chern-Simons term, may be written as
δ (L+ ICS) = EδΦ + dθ . (4.1)
However, this time, when the variation is taken with respect to a pair of diffeomorphisms
and gauge transformations (ξ, α) the Lagrangian does not change simply as a Lie derivative
due to the lack of covariance of the Chern-Simons terms. Indeed a further piece Ξξ,α arises
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because of the inflow of the consistent anomalies
δξ,αL = diξL , (4.2)
δξ,αICS = diξICS + dΞξ,α , (4.3)
where
Ξξ,α = α
∂ICS
∂A
+ Λ
∂ICS
∂Γ
(4.4)
contains the consistent anomaly and, as before, (Λ)ab = ∂bξ
a. As the new contribution
appears as a total derivative it is still possible to define an on-shell closed Noether current.
It now reads
Jξ,α = θξ,α − iξ (L+ ICS)− Ξξ,α , (4.5)
and it is, as before, closed on-shell
dJξ,α
.
= 0 . (4.6)
In the same spirit as that of section 2 we now define by the addition of a total derivative
an improved current Jˆξ,α which vanishes on-shell. We then would like to use this fact to
prove that this implies the existence of conserved fluxes once the gauge transformation is
chosen to preserve the solution. While the reasoning goes through unchanged for most of
the process, the anomalous piece Ξξ,α does, as anticipated, present some subtleties because
of its proportionality to the gauge parameters. We circumvent the problem by introducing
a d− 1 form y defined through the condition
Ξξ,α − dy = Ξ′dα,dΛ , (4.7)
where Ξ′ only depends on the gauge parameters through their exterior derivative. The exis-
tence of a solution to this equation is assured by the closedness of the anomaly polynomials.
Summing and subtracting y to the on-shell vanishing charge, we get
Jˆξ,α = θξ,α − iξ(L+ ICS)− Ξ′dα,dΛ + dk′ξ,α , (4.8)
where
k′ξ,α = kξ,α − y (4.9)
is the new candidate for the Komar form. Notice that now the remaining part of the
on-shell vanishing current is only proportional to dα, dΛ. In the case in which we choose
dα = dΛ = 0, such term vanishes. This allows us, if we take α = const and ξa to be Killing
and constant, as in section 2, to obtain the desired closure relation back
dk′ξ,α = 0 . (4.10)
More details on the generality and coordinate dependence of this construction can be found
in [27]. Let us work out in more detail the examples that will be relevant to connect the
conserved fluxes to the membrane currents.
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Anomalous gauge charge In the anomalous case the form θ can be read from appendix
B:
θµα = 2
(
∂L
∂Fµν
+
∂ICS
∂Fµν
)
∂να . (4.11)
On the other hand, the anomalous term is given by
Ξµα = α
∂ICS
∂Aµ
, (4.12)
while the Noether charge is the sum of the two contributions
Jα = θα − Ξα . (4.13)
Now, in order to make this current vanish on-shell, we need to add a surface term
kµν = −2α
(
∂L
∂Fµν
+
∂ICS
∂Fµν
)
, (4.14)
through its derivative ∇νkµν . This gives the following Noether current
Jˆµα = α
(
−2∇ν ∂L
∂Fµν
− 2∇ν ∂ICS
∂Fµν
− ∂ICS
∂Aµ
)
= −α
(
2∇ν ∂L
∂Fµν
+ΣµA
)
, (4.15)
which vanishes from (3.9). Now it only remains to manipulate the consistent anomaly in
order to solve the equation
α
∂ICS
∂Aµ
−∇νyµν = Ξ′µν∇να . (4.16)
There exists a two-form J˜µν that satisfies
∂ICS
∂Aµ
= −∇ν J˜µν . (4.17)
With this, we can fix the form y in the gauge case to be
yµν = αJ˜µν . (4.18)
Notice that this is just the construction required in order to define a conserved current
from a consistent one. For example, in 4 dimensions one gets
1
2
JaA = nµJ˜
µνP aν . (4.19)
We can use this to identify the current appearing in the Komar two form for the anomalous
gauge transformations
k′µν = −2
(
∂L
∂Fµν
+
∂ICS
∂Fµν
)
− J˜µν . (4.20)
It gives
nµk
′µνP aν = J
a
cons . (4.21)
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If the fields decay fast enough at the boundary of Σ, the RG conservation for the flux of
the gauge charge on Σ can be reinterpreted as the conservation of the flux of the conserved
membrane current Jacons
∂r
∫
Σ
√−γJacons = 0 . (4.22)
However, for particular cases like the U(1)3 anomaly, the continuity equation of the Komar
form doesn’t reduce simply to the radial conservation of the flux of the conserved membrane
currents. It will also have a surface contribution. In fact, it was shown by [30] that for the
U(1)3 anomaly it occurs when a constant magnetic field is present.
Now the lack of covariance of the construction is translated into the lack of covariance
of Jacons
δαJ
a
cons 6= 0 , δΛJacons 6= 0 . (4.23)
We will see how this conservation can be used to recover the gravitational anomalous
transport as horizon fluctuations of the extrinsic Chern-Simons currents JaCSK .
Let us also comment here on the results of [30] on the universality of the anomalous
U(1) transport effects in holography from the point of view of the Komar construction.
More precisely, the authors show that the results for the anomalous conductivities remain
valid in a large number of theories in which the field strength appears in higher powers.
From our Komar charge construction this is seen as a modification of the ∂L
∂F
contribution.
This vanishes at the horizon in the absence of external electric fields once infalling boundary
conditions are imposed.
Furthermore, they argue that in the presence of massive vector fields in the bulk, or
a Stu¨ckelberg field, the form of the conservation equation breaks down, and the boundary
conductivities receive nontrivial bulk corrections. This is easily seen from the equations of
motion, as in this case the Maxwell equation ceases to be a total derivative due to the bulk
charged matter current. In its simplest realization this makes the bulk U(1) field massive
and the dual current to acquire an anomalous dimension and to be no longer conserved.
In our construction this happens because for Stu¨ckelberg fields θ the choice of a con-
stant gauge parameter α does not lead to an invariant transformation as δαθ = α 6= 0.
Thus there is no choice for α that makes the field configuration invariant.
This makes the presymplectic form nonvanishing on-shell and the Komar form fails to
be closed. As a matter of fact, corrections to the axial conductivity due to bulk charged
scalar fields were found in [38] and linked to the infrared screening of axial charge in
QFT’s with an emergent chiral symmetry. It would be very interesting if a simple way
of quantifying the amount of screening in an analytic manner could be derived for long
wavelength fluctuations.
Anomalous diffeomorphism charge The construction in the case of diffeomorphisms
is slightly more involved due to the higher number of terms one has to account for. Through-
out the construction we will always assume mixed anomalies to lie in the diffeomorphism
sector, since this is best suited for the presence of constant background magnetic fieds.
The Chern-Simons action for the gauge anomalies in this case presents some subtleties due
to the asymptotic divergence of the vector potential.
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As before, one starts by extracting the presymplectic current θξ. One can decompose
it into its Einstein-Maxwell part, given in (2.31), and the Chern-Simons contribution given
in appendix B
θξ = θ
EM
ξ +
∂ICS
∂F
(diξA+ iξF ) +
∂ICS
∂R
(diξΓ+ iξdΓ+ dΛ + [Λ,Γ]) + Σ
αβµ∇(αξβ) ⋆ dxµ .
(4.24)
After inclusion of the anomalous term the on-shell vanishing Noether current is then given
by
Jˆξ = θξ − iξ (L+ ICS)− Ξξ + dkξ , (4.25)
where the total derivative of
kµν = kµνEH −
1
2
ξρ (Σµρ
ν +Σνµρ +Σρ
µν) + ξρAρ
∂ICS
∂Fµν
+∇ρξσ ∂ICS
∂Rσρµν
, (4.26)
has been added to the action in order to satisfy the Einstein equations, as shown in [28].
Let us briefly see how this plays out. The Einstein-Maxwell part works exactly as in section
2, so that we would like to reproduce the Hall and spin currents in the equations of motion
from the anomalous terms. The spin current is extracted from summing the last part
of (4.24) and the first anomalous contribution in kµν . The other parts combine into the
Maxwell equation with anomalous contributions and cancel the iξICS term through the
usage of identities between differential forms.
Following the previous discussion we add and subtract to (4.25) the total derivative of
yµν , so that we will have the on-shell conserved quantity
k′µν = kµν − yµν . (4.27)
It remains to fix the yµν term. This can in general be done once a particular theory is
fixed. General formulas for these terms where given in [27].
Let us then focus on the example we are interested in, the theory with the mixed
anomaly 7
ICS = λF ∧ CS(Γ) . (4.29)
First we notice that
∂ICS
∂Γ
= R− 2Γ2 = dΓ , (4.30)
and we thus see upon a simple partial integration that this means
yµν = λǫµνρτσFτσΓ
α
ρβΛ
β
α . (4.31)
7In this construction we choose the anomaly to be in the diffeomorphism sector. This makes no physical
difference, since the whole reasoning follows from the equations of motion which are left invariant by this
change. In the case of the gauge anomaly one concludes yµν to vanish. However, the last term in (4.26)
gives a non gauge invariant contribution
∇ρξ
σ ∂ICS
∂Rσρ
∼ ǫ
µναβγ
AγR
σρ
αβ∇ρξσ , (4.28)
which is ill suited to the constant magnetic field analysis we are going to perform, as the linear coordinate
dependence of the gauge connection above makes manipulations through Stokes theorem subtle and ill
defined.
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We can now connect this quantity to the RG flow of the heat current defined from our
previous membrane currents. One starts by taking a static solution in which ξ = ∂t is a
Killing field and confront the expression for the charge with our previous prescription for
the membrane stress tensor Θab.
We now look at the explicit form of kar. After performing an ADM decomposition,
one identifies (
kµνEH + ξ
ρAρ
∂ICS
∂Fµν
)
nνP
a
µ = −
1
2
tabEHξb −
1
2
AbξbJ a , (4.32)
−1
2
ξb
(
Σµbν +Σbµν
)
nνP
a
µ = −
1
2
tabλ ξb , (4.33)(
−1
2
ξbΣ
νµb +∇ρξσ ∂ICS
∂Rσρµν
− yµν
)
nνP
a
µ = −
1
2
uacKcbξ
b − 1
2
ζa , (4.34)
where ζa is given by
ζa = 4l(ab)cΛ
c
b + l
ab
cΓˆ
c
bdξ
d + lbacΓˆ
c
bdξ
d − lbcdΓˆabcξd − 2
1√−γ ∂b
(√−γlbacξc) . (4.35)
The equations above look rather messy. However, we can use the intuition we have gained
from the U(1) case to check whether they combine into the conserved heat current
karξ = −
1
2
(
Θabξb +A
bξbJ a − 1√−γ ∂b
(√−γlbacξc)+ 2l(ab)cΛcb
)
. (4.36)
The computation is very tedious but conceptually straight-forward, as one needs to compute
explicitly the intrinsic contributions to Θab. The computation simplifies greatly by realizing
lbacΓˆ
c
bdξ
d = −lbcdΓˆabcξd . (4.37)
One finally finds
Θabξb = t
ab
0 ξb + t
ab
λ ξb + u
acKcbξ
b − 1√−γ ∂b
(√−γlbacξc)+ 2l(ab)cDbξc − lbcdΓabcξd , (4.38)
which allows to prove (4.36). Then, for surface terms decaying fast enough, the conservation
equation reads
0 = ∂r
∫
Σ
√−γ
(
Θabξb +A
bξbJ a − 1√−γ∂b
(√−γlbacξc)+ 2l(ab)cΛcb
)
= ∂r
∫
Σ
√−γQacons ,
(4.39)
which allows us to interpret the conserved flux as an RG equation for the membrane
conserved heat current. Notice, in particular, that it is Θab and not the Brown-York tensor
the one to appear in the RG equation.
4.2 Choice of background and perturbations
Finally we show how the formalism developed in the last section works by extracting the
anomalous transport coefficients from the five dimensional Einstein-Maxwell-Chern Simons
theory.
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We proceed by postulating a general asymptotically AdS stationary black hole so-
lution. Formally it should be intended as an order by order fluid-gravity expansion in
spatial derivatives. The transport coefficient we will extract correspond to the first order
corrections to the one point functions of the currents. However it is instructive to keep
the discussion as general as possible in the near-horizon region, where only regularity and
stationarity need to be imposed in order to evaluate the extrinsic membrane currents.
As we are interested in the effects of both U(1)3 and mixed gauge-gravitational anoma-
lies we study charged black hole solutions with no electric fields. Once the stationarity
condition is imposed our ansatz takes the form
ds2 = dr2 − f(r)uaubdxadxb + g(r)habdxadxb , (4.40)
A = At(r)uadx
a + abdx
b . (4.41)
Because of the presence of the Killing vector ξa = (1, 0, 0, 0), we have naturally decomposed
the metric and the one-form A into their projections parallel and perpendicular to ξa. In
particular, we get
ua = − 1
f(r)
γabξ
b , (4.42)
habξ
b = ha
bub = 0 (4.43)
At = Aaξ
a , (4.44)
abξ
b = 0 . (4.45)
All of the functions in the ansatz above, if not indicated explicitly, depend on the radial
and the spatial coordinates only. We define the magetic field Ba and the vorticity ωa on a
spacetime slice Σ as usual through
Ba =
√−γǫabcdub∂cad , (4.46)
ωa = −1
2
√−γǫabcdub∂cud . (4.47)
Notice that the magnetic part of the U(1) field strength is not only the magnetic field.
Rather it mixes with the vorticity through the time component of the gauge field
√−γǫabcdub∂cAd = Ba − 2Atωa . (4.48)
In order to describe an holographic system, the solution has to satisfy boundary condi-
tions both on the horizon and on the conformal boundary. In particular, as r → ∞, the
asymptotically AdS structure implies
f(r) ∼ g(r) ∼ e2r , (4.49)
hab ∼ ub ∼ O(1) , (4.50)
At ∼ ab ∼ O(1) . (4.51)
On the other hand, the horizon asymptotics are fixed by regularity and infalling conditions
[6]. In particular, the function f(r) is vanishing at the location rH of the horizon, while its
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derivative is related to the Hawking temperature T through
f˙(r) = 4πT
√
f(r) +O(f) . (4.52)
We can fix, without loss of generality, g(rH) = 1 and g˙(rH) = 1, so that hab plays the role
of the induced metric on the horizon. For the gauge field the infalling boundary conditions
and the absence of electric field Fabξ
b imply
F ra(rH) = 0 . (4.53)
In evaluating the contributions to the horizon membrane currents we will take the expansion
for the extrinsic curvature near the horizon to be
Kab =
1
2
√
f (−4πTuaub + hab) +O(f) , (4.54)
and make extensive use of the norm uau
a = −1/f(r).
Finally, in order to avoid cluttering of formulas we will fix the gauge for the vector
potential in such a way that limr→∞At = 0 and At(rH) = −µ, where µ is the chemical
potential of the dual CFT state. As we will deal with noncovariant charges the choice of
gauge does play an important role. In particular, to work in a general gauge, one should
first extract the boundary covariant currents from the Bardeen polynomials. Covariance
then will assure the answer for the one point function to be expressed through the gauge
invariant chemical potential
µ =
∫
drFraξ
a = At(∞)−At(rH) . (4.55)
4.3 Membrane paradigm for anomalous currents
We are now going to compute the transport coefficients using the ansatz presented above.
We start by doing it for the case in which we have the mixed anomaly and, after that, we
also include how the computations would go for the case in which we have U(1)3 anomaly.
In both cases, the structure followed will be presenting the conserved fluxes associated
to both gauge transformations and diffeomorphisms, express it in terms of the membrane
currents and then perform the computations of the 1-point functions of the field theory
operators.
4.3.1 Mixed gauge-gravitational anomaly
Before starting we remind the reader of the precise form of the bulk Chern-Simons term
we will employ
ICS =
∫
d5x
√−g2λǫµνρστFµν
(
Γαρβ∂σΓ
β
τα +
2
3
ΓαργΓ
β
σαΓ
γ
τβ
)
. (4.56)
As we add no Bardeen counterterms, this corresponds to the choice of c = 0 in the con-
struction of the consistent membrane currents of section 3. One can explicitly verify that,
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with this choice, the continuity equation ∇µkµνα,ξ = 0 can be integrated on Σ with no con-
tributions from its boundary. Then we extract the boundary DC one point functions from
the matching of the conserved fluxes Ia and Ha.
As we have shown above, these fluxes are related to the conserved membrane currents.
We rewrite the formulas here for convenience
Ia =
∫
Σ
ddx
√−γJacons , (4.57)
Ha =
∫
Σ
ddx
√−γQacons , (4.58)
where the explicit expressions for the integrands are
Jacons =J a = F ra + JaCSK + JaΓˆ , (4.59)
Qacons =Θ
a
bξ
b +Acξ
cJ a − 1√−γ ∂b
(√−γlbacξc)+ 2l(ab)cΛcb . (4.60)
These quantities, when evaluated on the conformal boundary, reduce to the respective CFT
one point functions, as shown above.
Let us start by considering the current one point functions. Integrating the conserved
flux Ia in the radial direction gives∫
d4x
√−γ(0)〈Jacons〉 =
∫
H
d4x
√−γJacons(rH) . (4.61)
The left-hand side, as long as we are only interested in contributions which are first order
in derivatives, coincides with the covariant current of the CFT, since the term Ja
Γˆ
gives
contributions only starting from third order. In the horizon evaluation we can discard this
term for the same reason, while the non-anomalous F ra term vanishes identically from the
infalling boundary conditions. The one point function is then expressed as the horizon
integral of the extrinsic Chern-Simons current JaCSK∫
d4x
√−γ(0)〈Ja〉 =
∫
H
d4x
√−γJaCSK(rH) +O(∂3) . (4.62)
The value of the Chern-Simons current at the horizon is completely general and is only a
consequence of the regularity of the near horizon geometry. In fact, explicitly expanding
its expression
√−γJaCSK = −8λ
√−γǫabcdKbeDcKde
= 32λπ2T 2
√−γǫabcdub∂cud + λ
√−γǫabcd (16πTubueDchde − 2fhbeDchde)
= 32λπ2T 2
√−γǫabcdub∂cud +O(f) .
(4.63)
Integrating and remembering that the vorticity zero mode is constant in the bulk, one gets
the familiar answer ∫
d4x
√−γ(0)〈Ja〉 = −64λπ2T 2ωa . (4.64)
We stress how, in this setting, the gravitational transport follows from the state dependent
extrinsic contribution to the membrane currents given by JaCSK only. It would be interesting
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to understand whether it is possible to link out of equilibrium fluctuations of the chiral
vortical effect to horizon variations of such membrane current.
Let us now turn to the treatment of the diffeomorphism conserved flux. In this case,
we are also interested in working only at first order in derivatives. Then, integrating the
diffeomorphism flux Ha between the boundary and the horizon gives, in the chosen gauge,∫
d4x
√−γ(0)〈T abξb〉 =
∫
H
d4x
√−γ
(
tabξ
b + uacKcbξ
b +Acξ
cJaCSK
)
+O(∂3) , (4.65)
where O(∂3) denotes all the remaining intrinsic terms which only start contributing at
third order in derivatives, given that both the horizon and the boundary are flat.
We thus need to evaluate the right hand side on the horizon to extract (minus) the
one point function of the energy current. The third term on the right-hand-side follows
immediately from the evaluation of the gauge fluxes and gives
Acξ
cJaCSK = 64λπ
2T 2µωa . (4.66)
where we have used the already commented choice Acξ
c(rH) = At(rH) = −µ. The first
term of the right-hand-side, on the other hand, can be split into the Einstein-Hilbert part
(2.4) and the anomalous part taλb made up of spin currents (3.40). The first of the two
is easily evaluated to give the ideal part of the stress tensor, which however does not
contribute to the heat current due to the orthogonal projection. The anomalous part can
also be shown to vanish at the horizon:
√−γtaλbξb(rH) = 32π2T 2λ
√−γǫefga
(
ufubξ
b − ufubξb
)
Fge +O(f) = 0 , (4.67)
where we have used the asymptotic expansion of the extrinsic curvature and the vanishing of
Fra at the horizon. Notice that these two quantities make up the Brown-York prescription
for the stress tensor at the horizon, but they show no anomalous transport.
Finally it remains to evaluate the extrinsic anomalous part
√−γuabKbcξc = 16π2T 2λǫaefgFefug +O(f) = 32π2T 2λ (Ba + 2µωa) . (4.68)
Expressing everything together, we obtain∫
d4x
√−γ(0)〈T abξb〉 = 32π2T 2Ba + 128π2T 2µωa . (4.69)
which gives the right coefficients for the anomalous gravitational transport. Notice that
now the chiral magnetic effect for the energy current, which persists without chemical
potential, is completely captured by the horizon fluctuations of the extrinsic part of the
modified membrane stress tensor Θab. In this sense, this quantity is the energy counterpart
of the extrinsic Chern-Simons current JaCSK and we also wonder if further information about
the nonequilibrium dynamics of the energy chiral magnetic effect may be extracted from
the time dependent fluctuations of this quantity.
Finally, notice that, in the way in which they are presented here, these arguments
can be generalized immediately to systems with momentum relaxation as in [37]. From
this point of view the lack of corrections in the energy currents follows from the regular
geometry of the horizon in momentum relaxation solutions.
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4.3.2 U(1)3 anomaly
We now move to the analysis of the effect of the U(1)3 anomalies on the membrane currents
and its link to anomalous transport. The exact Chern-Simons action we are using for this
computation is the following:
ICS =
∫
d5x
√−gκ
3
ǫµνρστAµFνρFστ . (4.70)
In this case, as noticed in [30], further care is needed in naively integrating the continuity
equation ∇µkµν = 0. In fact the linear dependence on Aµ in the expressions for kµν impedes
the application of Stokes theorem if magnetic zero modes are present. As finite momentum
modes decay faster at infinity, we may as well fix the magnetic field and the vorticity to
be constant throughout the computation.
The important continuity equations now read
∂rI
a +
∫
Σ
d4x
(
∂b
√−γkbaα
)
= 0 , (4.71)
∂rH
a +
∫
Σ
d4x
(
∂b
√−γkbaξ
)
= 0 . (4.72)
The fluxes are given by the following equations
Ia =
∫
Σ
d4x
√−γJacons , (4.73)
Ha =
∫
Σ
d4x
√−γQacons . (4.74)
and, gauge fixing Ar = 0, the rest of objects involved read
Jacons = F
ra +
3
2
JaA = F
ra + 2κǫabcdAbFcd , (4.75)
kbaα = −F ba + 2κǫbacdAc∂rAd , (4.76)
Qacons = t
a
bξ
b + ξcA
cJ a , (4.77)
J a = F ra + JaA = F ra +
4
3
κǫabcdAbFcd , (4.78)
where tab is the Einstein-Hilbert Brown York tensor and the contributions to k
ba
ξ only come
from the current part, which can be easily confronted with the gauge formulas.
In order to radially integrate the equations we start by looking at the effects of the
zero modes in (4.71) and (4.72). First, we consider the U(1) current. In this case, taking
the a index to be perpendicular to the Killing ξ, as is the magnetic field, one can show that
the vorticity contributions cancel by the antisymmetry of the Levi-Civita tensor, while the
only contribution that remains is the constant magnetic field times the radial derivative of
At. Since the magnetic zero mode is constant we get the new conservation law
∂r
∫
Σ
d4x
√−γ
(
Jacons + 4κAtǫ
abcdub∂cad
)
= 0 . (4.79)
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Integrating in the radial direction we get∫
d4x
√−γ(0)〈Jacons〉 =
∫
H
d4x
√−γJacons(rH)− 4κµBa . (4.80)
The boundary contribution due to the Bardeen-Zumino polynomials vanishes in our gauge
and the horizon value of the conserved current almost trivially follows from the substitution
of our ansatz into the Chern-Simons term∫
H
d4x
√−γJacons(rH) = −4κµ (Ba + 2µωa) . (4.81)
Which finally gives ∫
d4x
√−γ(0)〈Ja〉 = −8κµBa − 8κµ2ωa . (4.82)
In the diffeomorphism case the treatment of the spatial derivative terms closely follows
the previous one. The main difference is that, in this case, the presence of the Acξ
c term
will give an additional factor of 1/2 due to the radial derivative of A2t . Then, the new
conservation law is
∂r
∫
Σ
d4x
√−γ
(
tabξ
b +Acξ
cJ a + 4
3
κA2t ǫ
abcdub∂cad
)
= 0 . (4.83)
In our gauge choice this gives the matching∫
d4x
√−γ(0)〈T abξb〉 =
∫
H
d4x
√−γAcξcJ a + 4
3
κµ2Ba , (4.84)
where we have already discarded the ideal contribution coming from the Brown York tensor
at the horizon.
The evaluation of the consistent current is completely parallel to the covariant case,
paying attention to the different coefficient. Finally we get∫
d4x
√−γ(0)〈T abξb〉 = −
∫
d4x
√−γ(0)〈Jaǫ 〉 = 4κµ2Ba + 163 κµ3ωa . (4.85)
Although the coefficients coincide with those given in the introduction, we have no
physical insight for the relationship between the further pieces coming from the continuity
equation and the low energy physics of the anomalous transport phenomena.
5 Conclusions
We have extended the construction of membrane currents to anomalous theories. In doing
so we identified how extrinsic contributions coming from gravitational Chern-Simons terms
are linked to the thermal anomalous transport at the horizon. Such terms vanish at the
conformal boundary but are dynamically generated at lower energies, finally giving the
expected thermal effective action on the horizon. This is very reminescent of the Wilsonian
integration of gapped excitations. Thus, it would be interesting to see if such a parallel
can indeed be made and, in that case, how those modes have to be interpreted.
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The horizon properties can be reformulated as CFT observables through the usage
of conserved fluxes and we have shown that such fluxes coincide, up to subtleties in the
U(1)3 case, with conserved membrane fields. This is a nontrivial extension of the previous
arguments, allowing us to explain various results found in the literature in a simple and
elegant way.
Finally, holographic systems have long been used in the study of non-equilibrium pro-
cesses and the first studies regarding the gravitational anomaly have been recently pub-
lished [39]. It would be interesting to see if the membrane currents we have defined, which
precisely account for these anomalous hydrodynamic fluctuations at the horizon, could be
used to get analytical insight over such phenomena.
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A Anomalies and currents
In this appendix we review some basic facts about anomalies in quantum field theory
(for a review, see [40]). In particular, we focus on the properties of consistent anomaly
polynomials and the possible definition of current operators in the presence of external
fields. As a concrete example we show how these are defined in the four dimensional case,
so that they can be immediately related to the membrane currents of section 3.
First, we define what we mean by a consistent anomaly. Let W [A] be the generating
functional of a quantum field theory with a classically conserved current J a which couples
to the external gauge field Aa. The conservation of the current is then reflected in the
gauge invariance of the generating functional in the presence of external sources
DaJ a = 0 ↔ δαW [A] = 0 . (A.1)
However, this is not necessarily true at the quantum level. In this case, one talks about a
consistent anomaly
δαW [A] =
∫
Aα(A) 6= 0 . (A.2)
A key result of Wess and Zumino [41] is that the functionals Aα are related to characteristic
classes Pd+2[A] in d+2 dimensions via a series of cohomological equations which are called
the Wess-Zumino descent equations. The first two steps of these equations read
Pd+2[A] = dICS [A] , (A.3)
δαICS [A] = dAα(A) , (A.4)
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which connect the Chern-Simons actions in d + 1 dimensions to the consistent anomalies
in d dimensions.
Let us now come to the properties of the current operators for anomalous theories.
When no ’t Hooft anomaly is present, the current is uniquely fixed by coupling the theory
to an external gauge field Aa for the global symmetry and differentiating the effective action
with respect to it
J a = −i δ
δAa
W [A, γ] . (A.5)
The operator J a defined in this way is gauge invariant and divergence-free.
In the anomalous case only one of the previous three properties can be imposed at
once. This follows essentially from the Wess-Zumino procedure and from the definition of
the consistent current J a, which makes it fail to be gauge invariant,
δαJ a = −i δ
δAa
δαW [A, γ] = −i δ
δAa
∫
Aα(A) . (A.6)
It is then natural to define these three different current operators:
• A consistent current J a, defined through (A.5), which fulfills the consistent anomaly
equation
DaJ a = A , A = δ
δα
W [A] . (A.7)
This current is not gauge invariant, as we have shown before, and it cannot be made
so by any local counterterm.
• A covariant current Ja, which is invariant under gauge transformations
δαJ
a = 0 . (A.8)
This can be obtained by adding a specific Bardeen-Zumino polynomial JaBZ to the
consistent current. It is made up of external fields to the conserved current and it
fulfills
δαJ
a
BZ = i
δ
δAa
∫
Aα(A) . (A.9)
As the Bardeen-Zumino polynomial is not divergence-free, the anomaly equation is
changed
DaJ
a = Acov(A) , (A.10)
where Acov is a gauge invariant expression called the “covariant” anomaly.
• A conserved current Jacons which is divergence-free
DaJ
a
cons = 0 . (A.11)
However, it is neither gauge invariant nor related to the generating functional. By
writing the anomaly as a total derivative, we can identify
Jacons = J a + J˜a , (A.12)
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where the remaining piece is defined through
DaJ˜
a = A . (A.13)
In holography we saw that these conserved currents are the ones displaying nice RG
properties for their long wavelength modes.
We will now review the examples relevant for our work. Let us start with the consistent
U(1)3 anomaly
DaJ a = −κ
3
ǫabcdFabFcd . (A.14)
The gauge variation of the current is then
δαJ a = −4
3
κǫabcd∂bαFcd , (A.15)
which gives
JaBZ =
4
3
κǫabcdAbFcd . (A.16)
The covariant anomaly is then
DaJ
a = −κǫabcdFabFcd . (A.17)
In order to obtain the conserved current, we start by rewriting the consistent anomaly
− κ
3
ǫabcdFabFcd = −Da
(
2
3
κǫabcdAbFcd
)
. (A.18)
From here, it is clear that
J˜a =
2
3
κǫabcdAbFcd =
1
2
JaBZ . (A.19)
These constructions can trivially be exported to the membrane currents in holography once
the consistent current is defined from the bulk action.
For the consistent stress tensor T ab the Ward identity reads
DaT ab = F baJa −AbDaJ a . (A.20)
In this case, the consistent stress tensor is also gauge invariant. Therefore, it will be equal
to the covariant stress tensor T ab = T ab. In fact, one can massage the Ward identity in
the form
DaT
ab = F baJa , (A.21)
by means of the identity
ξfA
f ǫabcdFabFcd = 4ξ
fFfaǫ
abcdAbFcd . (A.22)
In turn, looking at (A.20) we can define a conserved heat current
Qacons = T abξb +AbξbJ a . (A.23)
Notice, however, that this is not gauge invariant, in line with the general reasoning.
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Next, in four spacetime dimensions we can have a mixed gauge-gravitational anomaly,
coming from the anomaly polynomial
P6[A,Γ] = FP2[R] , (A.24)
where P2 is the second Pontriagyn class. In coordinates, P2[R] = ǫ
abcdtr (RabRcd). Being a
mixed anomaly one can “choose” whether the consistent anomaly falls into the diffeomor-
phism or into the gauge sector. We start with a gauge invariant theory. Then the Bardeen
counterterm
B[A,Γ] = −4cλ
∫
d4x
√−γǫabcdAatr
(
Γb∂cΓd +
2
3
ΓbΓcΓd
)
(A.25)
gives the consistent Ward identities
DaJ a = cλǫabcdtr (RabRcd) , (A.26)
DaT ab − F baJa +AbDaJ a = (1− c)2λγbc 1√−γ∂a
(√−γǫdefgFde∂fΓagc) . (A.27)
The current is gauge invariant, but not diffemorphism invariant due to the gravitational
anomaly, while the stress tensor is neither gauge nor diffeomorphism invariant. The sim-
plest way to construct the covariant stress tensor is to notice that, for c = 1, the only
nontrivial variation is
δαT ab = −4λǫmnp(aDe
(
DmαRnp
b)e
)
, (A.28)
which gives
T ab = T ab + 4λǫmnp(aDe
(
AmRnp
b)e
)
. (A.29)
The further gauge dependence for c 6= 1 comes from the Bardeen-Zumino counterterm. It
gives
Ja = J a − (1− c)λǫabcdtr
(
Γb∂cΓd +
2
3
ΓbΓcΓd
)
= J a − (1− c)JaΓ , (A.30)
T ab = T ab + 4cλǫmnp(aDe
(
AmRnp
b)e
)
+ (1− c)1
2
Dd
(
ldba + ladb − labd + (a↔ b)
)
,
(A.31)
where labc is given by
labc = 2λǫ
aefgFefΓ
b
gc . (A.32)
It can be seen to coincide with the definition (3.42). For the conserved currents one gets,
from
cλǫabcdtr (RabRcd) = 4Da
(
cλǫabcdtr
(
Γb∂cΓd +
2
3
ΓbΓcΓd
))
, (A.33)
that
Jacons = J a − cJaΓ . (A.34)
The construction of the conserved heat current Qa is more tricky if a diffeomorphism
anomaly is present. In order to succeed in such construction it is important to remember
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that the presence of a heat current is tied with the presence of a Killing vector in the
background spacetime. Things can get problematic if an anomaly is present in the dif-
feomorphism sector, as in this case the general covariance is broken and some additional
conditions have to be imposed on the background connection in order for the external
fields to be invariant under the action of the Killing field. In particular, we would like the
diffeomorphism variation of the connection to vanish
0 = δξΓ = LξΓ+ dΛ . (A.35)
It turns out that, in order to connect to the holographic results in the main text, it is useful
to impose this condition in a noncovariant way, as in [27]. Thus we choose a coordinate
system in which dΛ = 0 and, separately, LξΓ = 0.
Once this is imposed, the conserved heat current can indeed be constructed by repeated
integration by parts starting from the diffeomorphism Ward identity, discarding terms
proportional to dΛ. Contracting then (A.27) with ξb and noticing that
(1− c)2λξb∂a
(√−γǫdefgFde∂fΓagb) = ∂a (2(1− c)λ√−γǫdefgFde∂fΓagbξb)−
− ∂a
(
2(1 − c)λ√−γǫadefFdeΓgfbΛbg
)
+O(∂Λ) ,
(A.36)
we can use the Killing condition on the rest of (A.27) to recover a conservation law
1√−γ∂a
(√−γQacons) = 0 , (A.37)
where
Qacons = T abξb +AcξcJ a − (1− c)
1√−γ ∂b
(√−γlbacξc)+ 2(1 − c)l(ab)cΛcb . (A.38)
B Presymplectic current for Chern-Simons theories
In this appendix we briefly derive the general form of the presymplectic current θ for
Chern-Simons terms. This will be used in sections 3 and 4 to derive the general form of
the constraint equations and the Komar charge.
In order to derive it, let us vary the general Chern-Simons action as
δICS =
(
∂ICS
∂F
δF +
∂ICS
∂A
δA
)
+
(
∂ICS
∂dΓ
dδΓ +
∂ICS
∂Γ
δΓ
)
. (B.1)
Integrating by parts once leads to
δICS = Σ
µδAµ + E
µνρδΓρµν + d
(
∂ICS
∂F
δA+
∂ICS
∂dΓ
δΓ
)
. (B.2)
Finally, using the explicit expression for the Christoffel symbols in terms of the metric one
gets the final answer
δICS = Σ
µδAµ −∇ρΣµνρδgµν +∇µ
(
2
∂ICS
∂Fµν
δAν +
∂ICS
∂∂µΓρ
δΓρ +Σ
αβµδgαβ
)
, (B.3)
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from which one reads the presymplectic current
θµ = 2
∂ICS
∂Fµν
δAν + 2
∂ICS
∂Rµρ
δΓρ +Σ
αβµδgαβ . (B.4)
From this formula one can readily derive the constraint equations and the bulk expressions
for the membrane current as, following Wald∫
Σ
ddx
√−gnµ
(
θµξ − Ξµξ
)
.
=
∫
Σ
ddx
√−γ (Caξa +DaQaξ) , (B.5)
where ξ is an r-independent vector field tangent to Σ, Ca are the diffeomorphism constraints
and Qa is the Wald charge. The same reasoning is of course valid when the diffeomorphism
is substituted be an r-independent gauge transformation.
C Thermal Hall effect and topological massive gravity
A similar story as the one we have told in the main body also applies to the simplest case
with gravitational anomalies, which is topological massive gravity. In this appendix we put
forward some interesting connection between the presence of the higher derivative term
uab, the Cauchy problem and the development of thermal transport at the horizon.
As we have already anticipated the theory is defined by Einstein gravity with cosmo-
logical constant together with the Chern Simons three form
ICS = ΓdΓ+
2
3
Γ3 , (C.1)
and is a prototype for the dual description of the 1+1 dimensional gravitational anomaly
δΛICS =
∫
Σ
ΛdΓ , (C.2)
which gives the consistent anomaly [34]
Aa = λǫ
mn∂b∂mΓˆ
b
na . (C.3)
This has to be contrasted with the known result for the consistent gravitational anomaly
for a CFT with left and right central charges cL, cR, which gives
λ =
cL − cR
96π2
. (C.4)
Such chiral theories are known to display a thermal Hall effect related to the presence
of the anomaly, which basically comes from the Schwarzian transformation of the stress
tensor
T ′(z′) =
(
dz′
dz
)
−2 (
T (z)− cL
12
Schw(z′, z)
)
. (C.5)
For a thermal state this leads to an energy current
Jǫ =
T 2
24
(cL − cR) . (C.6)
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From the point of view of holography, the analysis of this theory is somewhat subtle due to
the Cauchy problem at the conformal boundary. In fact, it was shown in [34] that the most
general asymptotic boundary conditions allow for two independent modes in the metric
expansion
γab ∼ e2r (rbab + γˆab + . . . ) , (C.7)
leading to a situation in which two degenerate operators of dimension two, tab and sab, can
be turned on at the boundary. They correspond with the two free data of the solution
tab =
2√−γ
δSg
δγˆab
, sab =
2√−γ
δSg
δbab
. (C.8)
Their correlators are those of a logarithmic CFT and thus violate unitarity. One can
however recover a unitary theory by suppressing the bab mode in the asymptotic expansion,
which is the strategy we have followed in the main text. One has to stress, however, that
such condition does not imply that this dynamical mode is suppressed throughout the bulk.
Indeed this suggests a comparison with the on-shell variation (3.16), where two independent
modes are associated with the metric and the extrinsic curvature respectively.
Indeed, given that the construction of the various quantities follows closely the five
dimensional case by getting rid of the field strengths, one can check that the logarithmic
mode is related to the non-vanishing of a boundary observable as
lim
r→+∞
√−γuab = 8λ
(
ǫˆabbm
b + ǫˆbmbm
a
)
. (C.9)
where we have expanded linearly in bab. This, together with the conservation equations for
the membrane stress tensor, gives a suggestive picture. In a thermal state, even if asymp-
totically AdS boundary conditions are imposed, the mode conjugate to bab is dynamically
generated along the RG flow. On the stretched horizon, it generates the thermal Hall effect
lim
r→rH
√−γΘibξb = lim
r→rH
2
√−γuicKcbξb = 4λT 2 , (C.10)
which matches once the correct value is substituted for λ.
In light of this admittedly hand-waving similarity, it would be interesting if a more
precise link could be given by studying the anomalous flow to low energies of a thermal
chiral CFT.
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